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We assume throughout this paper that R is a commutative artin ring. 
In [5] the notion of a dualizing R-variety was introduced as a generaliza- 
tion of artin algebras (recall that an artin algebra is an artin ring which is 
finitely generated module over its center which is also an artin ring). 
Let C be a dualizing R-variety and D the category of finitely presented 
C-modules. It was shown in [5], that D is also a dualizing R-variety. We 
denote the category of finitely presented C-modules modulo projectives 
by D/P. If C’ is another dualizing R-variety and D’ is the category of 
finitely presented C’-modules, then we say that D and D’ are stably 
equivalent if DIP and D’jP are equivalent categories. 
Suppose C is a dualizing R-variety and D = mod(C) the category of 
finitely presented C-modules. Let mod(D) be the full subcategory of 
mod(D) consisting of all finitely presented D-modules which vanish on 
projective D-modules. It was shown in [5], that D/P is equivalent to the 
category of projective objects in mod(D). Hence D/P and mod(D) 
completely determine each other and so one way to study DIP is to 
study mod(D). 
We are here going to continue our investigation of gl.dim.mod(D) 
started in [5, 6, 71. We h ave already characterized what it means for 
gl.dim.mod(D) to be 0, 1 or 2 [5]. Especially interesting was the case 
* This research was partially supported by the NSF and the Norwegian Research 
Council. 
143 
Copyright 0 1975 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
144 AUSLANDER AND REITEN 
gl.dim.mod(D) < 2, as this turned out to characterize the dualizing 
R-varieties which are stably equivalent to hereditary dualizing 
R-varieties, for at least a particular class of dualizing R-varieties 
containing the artin algebras [7]. 
A big portion of this paper deals with the case gl.dim.mod(D) < 3. 
However, we start in Section 1 with a characterization of when 
gl.dim.mod(D) < i for all i 3 3. Then we go on to find other sufficient 
conditions and necessary conditions for gl.dim.mod(D) to be at most 3. 
This is followed by examples to show that these conditions are not both 
necessary and sufficient. 
In Section 2 we give a way of constructing dualizing R-varieties D with 
gl.dim.mod(D) < 3 from given ones D’ with gl.dim.mod(D’) < 3. In 
particular, we obtain as a consequence that all artin algebras with 
gl.dim.mod(mod /l) < 3 are endomorphism rings of a certain type of 
projective module over particular artin algebras r with gl.dim. r < 2 
and gl. dim.mod(mod r) < 3. 
In the first part of Section 2 we develop a useful criterion for gl.dim. 
mod(D) < i in case gl.dim.(D) < 2, which is used for the above. This 
criterion is also used in Section 3 to investigate gl.dim.mod(D) for 
dualizing R-varieties satisfying gl.dim. D < 2 and dominant dim D > 2. 
These dualizing R-varieties arise naturally in connection with rings of 
finite representation type [2]. We show that the only values occurring 
for gl.dim.mod(D) f o such D are 0, 2 and 5, and we characterize when 
0,2 and 5 occur. 
In Section 4 we give some more examples and illustrations. We start 
by giving an example where gl.dim.mod(D) = 4. Then we give a 
sufficient condition for gl.dim.mod(D) = 5. This result can be used to 
get examples of gl.dim.mod(D) = 5, for any gl.dim. i > 3 for D. 
The notation and terminology will be as in the previous papers in this 
series. 
1. GLOBAL DIMENSION mod(D) = 3 
Let C be a dualizing R-variety, D = mod(C). In [5] we have charac- 
terized the dualizing R-varieties D = mod(C) such that gl.dim. 
mod(D) = i for i = 0, 1, 2. Our methods were particularly well suited 
for handling these low global dimensions for mod(D). Here we shall try 
to get some information on the case i = 3. m&art out with a more 
general result, which provides a characterization of the D with gl.dim. 
mod(D) < i, in terms of the category of torsionless C-modules. This 
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characterization will be useful for the case i = 3, and also for i = 4, 5 in 
later sections. 
THEOREM 1.1. Let T denote the full subcategory of torsionless objects in 
D = mod C, and T/P the full subcategory of DIP, the projective stabiliza- 
tion of D, whose objects are in T. Then for n > 3, 
gl.dim.mod(D) < n u gl.dim.mod(T/P) < n - 3. 
Proof. Consider the right exact embedding CL mod(T/P) -+ mod(D), 
defined by a( , A) = ( , 4). 
We first want to show that if 
HomTjd , 4) - Howid , B) - HomT,d , c) 
is an exact sequence in mod(T/P), then 
Homd ,A) - How& , B) - HowA , C) 
is also exact in mod(D/P) = mod (D). 
For this we want to give some lemmas. We first recall from [5] that we 
have defined a contravariant functor Mod(C) -+ Mod(COP), given by 
M -+ M*, where M*(C) = Hom,(M, ( , C)). If M = ( , C), we had 
( , C)* = (C, ), hence ( , C)** = ( , C). Using that mod(C) is abelian, 
one can show that if M is in mod(C), then M* is in mod(CoP). We will 
here consider the restriction functor mod(C) -+ mod(Cop). If mod(C) = 
mod A for an artin algebra A, then M* = Hom,(M, A). The properties 
we shall need about this functor are well known for artin algebras, and 
since the proofs in the general case are analogous, we leave them out. 
LEMMA 1.2. M is torsionless if and only ;f the natural map M + M** 
is a monomorphism. 
LEMMA 1.3. (a) For any M in D there is an epimorphism f : M -+ M’, 
where M’ is torsionless, such that for any map g: M--f N, where N is 
torsionless, we have a commutative diagram 
M f +M’ 
(b) g factors through a projective object if and only if h does. 
146 AUSLANDER AND REITEN 
Let A, B and C be torsionless objects and 
HomT,p( , A) -+ H0m-d , B) --t How/d , c) 
an exact sequence. If M is an arbitrary object in D, we have by Lemma 1.3 







HOmT,p(&f’, A) -+ HOmT,p(M’, B) -+ HOmT,p(M’, c) 
where M’ is the torsionless object in Lemma 1.3. Hence 
HOm,,p( 34) --+ HOm,,p( , &) - HomD,p( 3 c) 
is an exact sequence in mod(D). 
Let now G be an object in mod(T/P), and let Hom,,,( , B’) -+ 
Hom,/,( , _C) --+ G -+ 0 be a minimal projective presentation, where B’ 
and C are torsionless with no projective summands. Then 
HOmD,p( 3 B’) - HOmD,p( > c) + 4G) + 0 
is a minimal projective presentation of a(G). From [5] we know that the 
associated minimal exact sequence to a(G) is of the form 0 + A -+ 
B’ @ B” + C -P 0, where B" is projective, Since A, B' 0 B" = B and C 
are all torsionless, consider the inclusion maps B + P and C + Q, where 
P and Q are projective objects in D. We then have a commutative 
diagram of the type 
0 0 0 
1 1 1 
O-A- B-C-O 
1 1 1 0-p -P@Q-Q-0 
1 1 1 
0-M-L-N-0 
1 I ’ 
0 0 i+i 
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From Section 7 in [5] we know that this gives rise to the following long 
exact sequence: 
- - --f HomDlp( , fPC) + Horn& , A) -+ Hom& , B) -+ HOm~lp( 3 c) 
+ Hom,,,( , @) --+ HOmD,p( , L) + HOmDtp( t N) -+ F + 0. 
By our earlier arguments, pdDlpa(G) = pd,/,G. Hence we conclude 
that pd F < pd,/,G + 3. 
If F is an arbitrary object in mod(D), we have a resolution as above, 
where 0 + M + N + L + 0 is the associated minimal exact sequence, 
and the A, B, C, @A, @B, QIC, etc., are torsionless. Letting G = 
Coker(Hom,,,( , B) -+ Hom,ip( , _C)), we get similarly to the above 
that pd,,,(G) < pd F - 3, if pd F > 3. This finishes the proof of the 
theorem. 
In this section we shall be mostly interested in the following special 
case. 
COROLLARY 1.4. gl.dim.mod(D) < 3 o gl.dim.mod(T/P) = 0. 
We would now like to find other necessary and (or) sufficient conditions 
for gl.dim.mod(D) < 3. Using the above, we get the following. 
PROPOSITION 1.5. If each indecomposable torsionless object in D is 
simple or projective, then gl.dim.mod(D) < 3. 
Proof. If each indecomposable object in T is simple or projective, 
then any nonzero indecomposable object in T/P is of the type 8, for S 
a simple torsionless object in D. Hence Homr,,(S, 2) = 0 for two 
nonisomorphic indecomposable objects S and 2. It is then easy to see 
that gl.dim.mod(T/P) is zero, so that gl.dim.mod(D) < 3 by 
Corollary 1.4. 
We shall, however, see later that for gl.dim.mod(D) to be at most 3, 
it is not necessary that each indecomposable torsionless object is 
projective or simple. 
We have the following necessary condition for gl.dim.mod(D) to be 
at most 3. 
THEOREM 1.6. If gl.dim.mod(D) < 3, then each indecomposable 
torsionless object in D is a subobject of an indecomposable projective object. 
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Proof. Assume that gl.dim.mod(D) is at most 3, and let B be an 
indecomposable torsionless nonprojective object in D. Let P be a 
projective object containing B, with a minimal number of indecomposable 
summands. We want to show that P is indecomposable. Assume to the 
contrary that P = PO @ P, , with P, nonzero indecomposable and P,, 
nonzero. Let A = PO n B, and consider the following exact commutative 
diagram. 
0 0 0 
1 1 1 
O-A-+B---C-O 
1 1 1 
O-+P,--+P---tP,~O 
1 1 1 
0-A'-B'-+ C'---to 
1 1 1 
0 0 0 
From Section 7 in [5] we know that we have an exact sequence 
LA)+(,B)~( ,C)S( ,A’)+( ,B’)+( ,cy-FFo. 
Consider the exact sequence 0 -+ Im f -+ ( , CT) -+ Im g -+ 0. Since 
gl.dim.mod(D) < 3, Im f and Img are projective. Hence the sequence 
splits. The epimorphism B + C cannot factor through a projective 
object, since B is indecomposable and not projective. Hence Im f is not 
zero, and since ( , B) is indecomposable, we conclude that ( , B) 3 Im f. 
It then follows that ( , B) is a summand of ( , _c). Because B is inde- 
composable and not projective, this implies that B is a summand of C by 
Lemma 8.1 in [5]. This gives a contradiction, so we conclude that P was 
indecomposable to start with. 
For artin algebras we get the following stronger result. 
COROLLARY 1.7. Iff or an artin algebra (1, gl.dim.mod(mod A) < 3, 
then there is only a jkite number of indecomposable torsionless A-modules, 
and each is contained in an indecomposable projective A-module. 
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Proof. Consider the full subcategory T of mod (1 consisting of the 
torsionless objects. By Theorem 1.6, we know that there is a bound on 
the lengths of the indecomposable torsionless objects. Since T is closed 
under submodules and finite direct sums, the result follows from [1 11. 
We now proceed to give some examples. We first point out that there 
are examples of dualizing R-varieties D such that gl.dim.mod(D) is 
exactly 3. By Proposition 1.5 we know that if A is an artin algebra such 
that each indecomposable cl-module is projective and simple, then 
gl.dim.mod(mod fl) < 3. We have also seen in [7] that for gl.dim. 
mod(mod /l) to be at most 2, it is necessary that each simple torsionless 
nonprojective module is a factor of an injective module. And in [S] we 
shall see examples where this last property does not hold, but where each 
indecomposable torsionless module is simple or projective. 
We next want to give an example to show that we can have D with 
gl.dim.mod(D) = 3, without each indecomposable torsionless object 
being simple or projective. 
EXAMPLE 1.8. Let A’ = (g i), K a field, and 
k 0 0 0 
A = T&l’) = (;: ;,, = ; ; ; ; 
i i 
. 
k k k k 
Then A has the property that T/P is semisimple. But 
is an indecomposable torsionless /I-module which is neither simple nor 
projective. 
Proof. We want to show this by finding all indecomposable torsionless 
A-modules. Let M denote the sum of one copy of each of the inde- 
composable cl’-modules. Write I’ = End(M)OP. It is then easy to see 
that r is a factor ring of 
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by the two-sided ideal 
We will write this as 
I’ is a Nakayama (generalized uniserial) algebra, i.e., each indecom- 
posable left and right projective module has a unique composition series. 
We know that r has 5 indecomposable modules. Now it is shown in [2] 
that T,(A’) then has 5 + 2 * 3 = 11 indecomposable modules. It is then 
easy to write them all down, and it turns out that 
is the only torsionless nonprojective one. It is obvious that T/P is 
semisimple, whereas 
is clearly not simple. 
In connection with Theorem 1.6, we now give an example where D 
has the property that each indecomposable torsionless object is a sub- 
object of an indecomposable projective object, but where gl.dim. 
mod(D) > 3. For this, we shall need the following result on self- 
injective rings. 
PROPOSITION 1.9. If A is self-injective and U(A) > 3, then gl.dim. 
mod(mod A) = co. 
Proof. Let M be an object in mod(mod A). Let 0 -+ A -+ B -+ C + 0 
be the minimal exact sequence associated with M, i.e., ( , B) -+ ( , C) -+ 
DUALIZING R-VARIETIES. IV 151 
M ---f 0 provides a minimal projective presentation for M in mod(mod /.l) 
[5]. We have then seen in [5] that 
O-+M-+Extl( ,A)+Extl( ,B)+Ext’( ,C)+ExP(,A)+... 
gives an injective resolution of M. Since (1 is self-injective, so that E(X), 
the injective envelope of X, is projective for every fl-module X, we 
conclude by [5, Corollary 9.21 that all the Exti( , X) in the injective 
resolution of M are projective. Hence M is injective or has infinite 
injective dimension. This means that gl.dim.mod(mod /l) is 0 or co. 
But since M,(A) >, 3, where U(A) denotes the Loewy length of /l, the 
value 0 is impossible by Theorem 10.6 in [5]. 
EXAMPLE 1.10. Let K be a field and /1 = Fz[x]/(x3). Then each 
indecomposable torsionless /l-module is contained in an indecomposable 
projective /I-module. But gl.dim.mod(mod (1) = co. 
Proof. It is well known that the indecomposable /l-modules are (1, 
n/(x) and fl/(x”), h ence the first part is obvious. That gl.dim.mod(mod (1) 
is 00 follows from Proposition 1.9, since (1 is self-injective andLL((I) = 3. 
2. GLOBAL DIMENSION mod(D) = 3 AND ENDOMORPHISM RINGS 
In this section we continue our investigation of when gl.dim. 
mod(D) = 3. We shall be mostly concerned with D = mod(A) for some 
artin algebra (1. We show that if gl.dim.mod(D) < 3 whereD = mod(n), 
then there is an artin algebra r satisfying: 
(a) gl.dim. r < 2; 
(b) gl.dim.mod(mod(r)) < 3; 
(c) A M End,(P)op with P a finitely generated projective 
cl-module. 
Although we are mainly concerned with D satisfying gldim. 
mod(D) < 3, it is useful to begin by giving a description of the category 
T/P, the torsionless objects of D modulo projectives, for the case 
gl.dim. D < 2. 
In view of Theorem 1.1 this can be used to compute gl.dim.mod(D). 
This will be used at the end of this section as well as in the next section. 
We formulate and prove our results for rings, but remark that there is a 
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straightforward generalization to the more general case of dualizing 
R-varieties. 
We recall that for a A-module M, grade M > n if Exti(M, A) = 0 
for i = l,..., n - 1. 
THEOREM 2.1. If gl.dim. A < 2, then T/P is equivalent to the full 
subcategory G of mod A, whose objects are the modules M with grade 
M = 2. 
Proof. We have the following well known and easily established 
lemma. 
LEMMA 2.2. If gl.dim. A < 2, then the following are equivalent for 
a A-module M. 
(a) Grade M = 2. 
(b) M = Ext2(X, A). 
(c) M = Ext2(X, A), where Extl(X, A) = 0. 
This can be used to establish the following well known result: 
We have a duality F: G -+ G’, where G’ denotes the category of 
Aon-modules of grade 2, given by F(X) = Ext2(X, A). 
We define a functor F’: G -+ T/P, by F’(X) = SzrX. Since F factors 
through F’, i.e., F(X) = Extl(@X, A), it is easy to see that F’ is an 
equivalence of categories, by using that F is a duality. 
We point out that we have the following more general theorem. 
THEOREM 2.1’. Let C be a dualizing R-variety and D = mod C. If 
gl.dim. D < 2, then T/P is equivalent to the full subcategory G of D whose 
objects are the C-modules M with grade M > 2. 
We point out that the proof follows the same idea as that of Theorem 
2.1. We remark that grade M > n if Ex@(M, P) = 0 for i = l,..., n - 1 
and all projective objects P in D. Further Tr(M) is introduced in [5] 
for this general setting, and the exact sequences that we used are still 
valid. 
We end this section by giving a way of constructing new artin algebras 
P with gl.dim.mod(mod P) < 3 from given algebras A with gl.dim. 
mod(mod A) < 3. The aim is to prove the following. 
THEOREM 2.3. Let A be an artin algebra with a finite number of 
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indecomposable torsionless modules, and let T denote the sum of one copy of 
each of them. Let r = End(T) Then gl.dim.mod(mod A) < 3 o 
gl.dim.mod(mod r) < 3. 
We state and prove several lemmas before we start to prove this 
theorem. 
LEMMA 2.4. Let A be an artin algebra with a finite number of inde- 
composable torsionless A-modules, T the sum of one copy of each of them, 
r = End(T)Op. Then 
(a) gl.dim. r < 2. 
(b) pd E,(r) < 1, 
where E,(r) is the injective envelope of r. 
Proof. We shall use the identification mod r = mod T, where T 
denotes the full subcategory of mod II whose objects are the,torsionless 
/l-modules. Let M be an object in mod T, and ( , T1) A ( , T,) -+ 
M -+ 0 a projective presentation of M, where ( , f ): ( , T1) -+ ( , T2) is 
induced by f: TX + T2. Now Kerf C T1 is also torsionless, so 0 + 
( , Ker f) -+ ( , T1) 5% ( , T,) + M -+ 0 provides a projective resolu- 
tion for M. This shows that pd M < 2, and hence gl.dim r < 2. 
(b) Let E( T) be the injective envelope o{ $. Then ( , E(T)) is the injective 
envelope of ( , T) [2]. Consider ( , A) L ( , E(T)) - 0, where ( , A) 
is proj;cBt)ive, i.e., A is in T. Then the exact sequence 0 - ( , Kerg) - 
(,A)--+ (, E(T))+O, whereK er g is in T, shows that pd( , E(T)) < 1, 
i.e., pd E,,(F) 6 1. 
LEMMA 2.5. Let r be an artin algebra with gl.dim. r < 2, 
pd EO(r) < 1, and let M be a torsionless object in mod IY Then 
(a) O-M-M** is an essential extension. 
(b) If M is indecomposable and M C P, a projective object, in such a 
way that there is no projective object Q properly containing M 
and properly contained in P, then M** = P. 
Proof. (a) Consider the exact sequence 
0 + M--f M** -+ ExP(Tr(M), r) + 0. 
Assume to the contrary that 0 - M -+ M** is not essential. Then there 
would be a nonzero submodule N of M** with N n M = (0), so that 
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N would be a submodule of Ex@(Tr(M), I’). Since M** is projective, 
using that gl.dim. F < 2, we get a contradiction if we can show that 
N* is zero. Since pd E,(F) < 1, Tor,(N, E,(F)) = 0 for all (finitely 
generated) F-modules N. Hence Hom(Ext2(N, F), E,,(F)) = 0 [9], so 
Hom(N, E,(F)) = 0, and consequently Hom(N, F) = N* is zero. This 
gives a contradiction, so we conclude that 0 -+ M--f M** is essential. 
(b) Let now M be an indecomposable torsionless F-module contained 
in a projective F-module P, such that there is no projective module 
properly containing M and property contained in P. 
Since 0 -+ M --f M** is essential, we get 0 --f M** --+ P, which must 
be an isomorphism, since M** is projective. 
LEMMA 2.6. Assume that P is an artin algebra with gl.dim. I’ < 2, 
pd E,(F) < 1, Let T denote the category of torsionless objects in mod I’ and 
G the subcategory of mod F whose objects have grade at least 2. Then the 
following are equivalent. 
(a) gl.dim.mod(mod P) < 3. 
(b) Each indecomposable torsionless nonprojective P-module is 
isomorphic to rQ, for some indecomposable projective F-module Q. 
(c) Each indecomposable object of G is simple. 
Proof. (a) * (b): Let M be an indecomposable torsionless non- 
projective P-module, and P a projective F-module containing M such 
that there is no projective module properly containing M and properly 
contained in P. 
By Lemma 2.5, M ** = P. Then F(M) = P/M, where F: T/P -+ G is 
our equivalence of categories, F(r-) = PirP, and if M was properly 
contained in rP, we would have a nonzero map Pi M + PirP, implying 
that G is not semisimple. This contradicts the assumption gl.dim. 
mod(mod F) < 3, in view of Theorem 2.1 and Theorem 1.1. 
(b) * (c). We know that any indecomposable P-module of grade 2 
is of the form M**/M for an indecomposable torsionless F-module M. 
If each such M is isomorphic to rP for some projective module P, then 
any indecomposable module of grade 2 is of the form P/r-P, since by 
Lemma 2.5, (rP)** = P. 
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(c) 5 (a) is obvious, in view of Theorem 2.1 and Theorem 1.1. 
We are now ready to start the proof of Theorem 2.3. 
Proof of Theorem 2.3. Assume first that gl.dim.mod(mod A) < 3. We 
want to show that gl.dim.mod(mod P) < 3. By Lemma 2.6, it is sufficient 
to show that each indecomposable torsionless P-module is of the form 
rQ, for a projective P-module Q. Let MC Q = ( , T,) be an inde- 
composable torsionless nonprojective object in mod P(= mod T). 
Let ( , TX) --f M be the projective cover of M. Then M is equal to 
Im( , f ): ( , TJ -+ ( , T,), where f: Tl -+ T, is an indecomposable map 
which is not an isomorphism. We can clearly assume that f in onto T, . 
Let g: P--t T2 be the projective cover of T, in mod (1, and let 
N = Im( , g), where ( , g): ( , P) -+ ( , T,). Since P is projective, 
g: P -+ T, factors through f: Tl -+ T, , so that NC M. On the other 
hand, we know by Theorem 1. I that T/P is semisimple. Hence f : Tl + Tz 
factors through a projective (l-module, hence through P. It follows that 
M C N, so that M = N. Since N is then indecomposable, g must be 
indecomposable, so that also T, is indecomposable. M is now a maximal 
submodule of ( , T,), since any map h: T + T, which is not an isomor- 
phism, must factor through P. We conclude that each indecomposable 
torsionless P-module is of the form rQ, for some projective P-module Q, 
which shows that (a) implies (b), using Lemma 2.6. 
(b) 3 (a): Assume that gl.dim.mod(mod P) is at most 3. By Lemma 2.6 
we know that each indecomposable torsionless P-module is of the form 
rQ, for some projective P-module Q. Let f: Tl + T, be a nonzero map 
between indecomposable torsionless nonprojective /l-modules which is 
not an isomorphism. Let g: P -+ T, be the projective cover of T, , 
and let M = Im( , g): ( , P) --f ( , T2). Now MC ( , T,), and there is 
clearly no projective P-module properly containing M and properly 
contained in ( , T,). Hence we know that M = r( , T2), i.e., the maximal 
submodule of ( , T2). This means that Im( , f) is contained in M, hence 
( ,f): ( , Tl) -+ ( , T,) factors through g: ( , P) --f ( , T,), i.e., f : Tl -+ T2 
factors through g: P-t Tz . This shows that T/P is semisimple, so we 
are done. 
COROLLARY 2.7. Let A be an artin algebra with 
gl.dim.mod(mod A) < 3. 
Then there is an artin algebra I’ with gl.dim. r < 2, and gl.dim. 
mod(mod r) < 3, and a projective r-module P such that A = End,(P)oP. 
156 AUSLANDER AND REITEN 
Proof. Let A be an artin algebra with gl.dim.mod(mod A) < 3. 
Choose r = End(T) OP, where T is the sum of one copy of each of the 
torsionless A-modules. Then the corollary follows from Lemma 2.6 
and the properties of Wedderburn correspondence given in [3], since T 
is a generator. 
We remark that we could prove a more general version of Theorem 2.3, 
for dualizing R-varieties. 
THEOREM 2.8. Let C be a dualizing R-variety, D = mod C, T the 
full subcategory of t orsionless objects of D. Then gl.dim.mod(D) < 3 o 
gl.dim.mod(mod T) < 3. 
The proof is the same as the above, as the formulas used are still valid 
in this case. 
3. GLOBAL DIMENSION D < 2 AND DOM. DIM. D 3 2 
Let C be a dualizing R-variety and D = mod C. We discuss the 
possible values for gl.dim.mod(D) w h en we assume that gldim. D < 2 
and dom.dim. D 3 2. We know that in this case D = mod C, where 
C = mod C’ for a dualizing R-variety C’. This is proved in [2] for artin 
algebras, in the following formulation: If r is an artin algebra with 
gl.dim. r < 2, dom.dim. I’ > 2, then r = End,(M)Op, where A is an 
artin algebra of finite representation type, and M contains a copy of each 
of the indecomposable A-modules. The proof for our more general case 
is similar. 
We start with a discussion of mod D being Nakayama, which is needed 
in what follows. We recall that D = mod C is said to be Nakayama if 
for each indecomposable projective and injective object in D the sub- 
objects are totally ordered by inclusion. 
PROPOSITION 3.1. Assume that D = mod C is Nakayama with 
LL(D) < 2 [5]. Th e indecomposable projective objects in mod(D) are of 
the form ( , M) with M indecomposable in D and have the following 
properties: 
(a) If M is a simple projective object in D, then ( , M) is a simple 
projective object in mod(D). 
(b) If M is a simple, nonprojective object in D, then ( , M) has a unique 
composition series of length 2. 
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(c) If M is a nonsimple projective indecomposable object in D, then 
(i) ( , M) has a unique composition series. (ii) r( , M), the unique 
maximal subobject of ( , M) is projective. (iii) The length of 
( , M) is two if sot M is projective and is three if sot M is not 
projective. 
Proof. (a) Is obvious, since no indecomposable object in D different 
from M has a nonzero map to M. 
(b) If M is simple and not projective, then the only indecomposable 
object different from M which has a nonzero map to M is the projective 
cover of M. This shows (b). 
(c) If M is a nonsimple projective indecomposable object, and S = rP, 
then any indecomposable object different from P with a map to P has as 
its image 5’. Hence ( , S) = r( , P), and the rest follows from (a) and (b). 
We point out that from Section 10 in [5] we know that each inde- 
composable object in D is taken care of by (a), (b) and (c). 
We now use Proposition 3.1 to describe when mod(D) is Nakayama. 
PROPOSITION 3.2. 
(a) modD is Nakayama if and only if D is Nakayama and 
LL(D) < 2. If mod(D) is Nakayama, then LL(mod D) < 3. 
(b) mod D is Nakayama with LL(mod D) < 2 if and only if D is 
hereditary Nakayama with LL(D) < 2. 
Proof. (a) Assume first that D is Nakayama with LL(D) < 2. 
Proposition 3.1 shows that the projective objects of mod D have a unique 
composition series of length at most 3. Since the same holds for 
(mod D)OP = mod(DOP), asLL(DOP) = LL(D) in general [5], we conclude 
that mod D is Nakayama and LL(mod D) < 3. 
Assume conversely that mod D is Nakayama. Assume LL(D) > 2. Let 
P be an indecomposable projective object in D with r2P f 0. Then we 
claim that ( , P/r”P) does not have a unique composition series. For if 
f: P -+ P/r2P is the projective cover of P/r2P and g: rP/r2P + Pjr2P an 
inclusion, then Im( ,f) and Im( , g) are subobjects of ( , P/r”P), neither 
of which is contained in the other. Hence we would have a contradiction 
to mod D being Nakayama, so we conclude that LL(D) < 2. 
Assume now that D is not Nakayama. Since either D or D”P has an 
indecomposable projective object which does not have a unique com- 
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position series, we can assume that P is such a projective object in D. 
Then there are two simple subobjects S, and S, of P, with inclusion 
maps S, ---t P and S, --+ P which induce noncomparable subobjects of 
( , 0, i.e., modD would not be Nakayama. This completes the proof 
of (a). 
(b) By Proposition 3.1 and (a), we see that mod D is Nakayama with 
U(modD) ,< 2 if and only if each simple subobject of any projective 
object in D is projective, i.e., if and only if D is hereditary. Hence using 
(a), the proof of(b) is finished. 
After this preliminary investigation we state the main result of this 
section. We recall that dom.dim. D > i if in a minimal injective resolu- 
tion for a projective object in D, the first i terms are projective. 
THEOREM 4.3. Let C be a dualizing R-variety, and D = mod C a 
dualizing R-variety with gl.dim. D < 2, dom.dim. D > 2. Then the 
possible values for gl.dim.mod(D) are 0, 2 and 5. Further, 
(a) gl.dim.mod(D) = 0 if and only if D is a product of dualizing 
R-varieties of type mod r, where 
for a division ring D, (i.e., this notation means that r is a factor 
ring of 
(b) gl.dim.mod(D) = 2 if and only if D is Nakayama with 
LL(D) = 3. 
(c) gl.dim.mod(D) = 5 otherwise. 
Proof. We already pointed out in the introduction of the section that 
if gl.dim. D < 2 and dom.dim. D 3 2, then D = mod C, where 
C = mod C’ for some dualizing R-variety C’. 
If gl.dim.mod(D) < 1, then by Section 10 in [5], LL(D) < 2. We want 
to show that D is then also Nakayama. Let P be an indecomposable 
projective object in D with rP # 0, and assume that P is not injective. 
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Then P is contained in rE(P), where E(P) is the injective envelope of P 
since E(P) is projective. This would give r2E(P) # 0, a contradiction. 
Hence we conclude that P is injective, so that rP is simple. This gives 
that every indecomposable projective object has a unique composition 
series. Since also gl.dim.mod(DOP) < 1 and DOP = mod COP, COP = 
mod C’OP, we conclude that D is Nakayama. We now conclude that 
gl.dim.mod(D) is zero [5]. 
We then describe what D has to look like in the following. 
LEMMA 3.4. Let D = mod C be a dualizing R-variety with 
gl.dim. D < 2 and dom.dim. D > 2. If LL(D) < 2, then D is the product 
of indecomposable dualizing R-varieties of the type mod I’, where 
for a division ring D. 
Proof. As mentioned before, under the assumptions of the lemma, 
C = mod C’, for a dualizing R-variety C’. Since we have already seen 
that D is Nakayama with LL(D) < 2, we conclude by Proposition 3.2 
that C is hereditary Nakayama with LL(D) < 2. In [6] we proved that 
such a C is the product of categories of the type mod /l, where (1 = (i i), 
for a division ring D. And if C = mod (1, with II = (g l), then it is 
easy to see that D = mod(C) is mod I’, where 
This completes the proof of the lemma. 
We shall next need the following. 
LEMMA 3.5. Let D = mod C be a dualizing R-variety, and let G be 
the full subcategory of objects M of D, with grade M >, 2. 
(a) If dom.dim. D > 1, then G is closed under factor objects. 
(b) If dom.dim. D > 2, then G is closed under subobjects and factor 
objects. 
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Proof. (a) Let 0 + M’ --+ M --f M” -+ 0 be an exact sequence in D 
with M in G. Let ( , C) be a projective object in D and consider 
0 - CM”, ( , (2) -+ CM, ( , C>> -+ W’, ( , Cl) - JWM”, ( , ‘7) 
+ Extl(M, ( , C)). 
Since grade M > 2, we have (M, ( , C)) = 0 = Extl(M, ( , C). Further, 
since E( , C), the injective envelope of ( , C) is projective by assumption, 
(M, E( , C)) = 0. This implies (M’, E( , C)) = 0, and consequently 
(M’, ( , C)) = 0. W e now conclude (M”, ( , C)) = 0 = Extl(M”, ( , C)). 
Since this holds for all ( , C), we have grade M” > 2. 
(b) has a similar proof. Since dom.dim. D >, 2, we know that if 
(M’, ( , C)) = 0 f or all ( , C), then Extr(M’, ( , C)) = 0 for all ( , C) [l]. 
We now want to show that the values 3 and 4 do not occur, by assuming 
gl.dim.mod(D) < 4, and then concluding gl.dim.mod(D) < 2. 
If gl.dim.mod(D) < 4, then for T, the full subcategory of torsionless 
objects in D, we have gl.dim.mod(T/P) < 1. By Theorem 2.1, gl.dim. 
mod(G) < 1. Since by Lemma 3.5, G is closed under submodules and 
factor modules, each indecomposable object in G must be simple. For 
if M is an indecomposable nonsimple object in G, let S be a simple 
summand of MirM, and consider an epimorphism f: M -+ S. Since 
Kerf is in G, f is not a monomorphism, so we get a contradiction to 
gl.dim.mod(G) < 1. Hence by Lemma 2.5, gl.dim.mod(D) < 3. 
Let now S be a simple nonprojective object in C, where D = mod C. 
Since gl.dim.mod(D) < 3, we know by Lemma 2.5 that each inde- 
composable torsionless object in D is of type r( , A) for a projective 
object ( , A). Since there can be no projective object properly contained 
in ( , S), r( , S) is th e only indecomposable subobject of ( , S), if r( , S) 
is different from zero. Otherwise there are none. Hence there is only one 
indecomposable object in C mapping onto S, when S is simple and not 
projective, i.e., the projective cover P is the only one. This implies that 
L(P) = 2, so P has a unique composition series. By arguing similarly 
for DOP, we conclude that C is Nakayama with U(C) < 2. By Proposi- 
tion 3.2, D = mod C is then Nakayama with U(D) < 3. By Proposi- 
tion 3.1 we know the structure of the indecomposable projective objects 
in D. In particular, we know that every indecomposable torsionless non- 
projective object is simple. And we also know that the only simple 
objects T with a nonzero map into some rQ/A, where Q is projective, 
sot Q C A, are of the form ( , S)/r( , S), for S a torsionless simple 
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nonprojective object in C. But ( , S)/r( , S) cannot be torsionless, since if 
( , S/r-( , S) had a nonzero map into ( , P), it would be induced by a 
nonzero map h: S -+ P. But such an induced map ( , h) would have to be 
a monomorphism. We can now conclude by Theorem 10.1 in [5] that 
gl.dim.mod(D) is at most 2 if (and only if) D is Nakayama with 
U(D) < 3. 
This finishes the proof of the theorem. 
We point out that if gl.dim. D < 2, dom.dim. D = 1, the value 3 
can occur. For let 
k 0 0 0 
r= kkOO 
i i 
k 0 k 0 ’ 
k k k k 
as considered in Example 1.8. 
4. EXAMPLES 
In this last section we give some examples. We have already seen 
examples of dualizing R-varieties D = mod C where gl.dim.mod(D) is 
0, 1, 2, 3 and 5 (and GO). We start by giving an example where 4 occurs. 
Then we give a class of D where 5 occurs, one example for each value 
i > 3 of gldim. D. 
EXAMPLE 4.1. Let 
A= z,a,b,c,d,e,f,gEk,afield. 
Then A is Nakayama. Let S, , S, , S, denote the 3 different simple 
modules, and PI, Pz , P3 their projective covers. We can assume that 
the numbering is such that L(P,) = 3 = L(P,),L(P,) = 2. The 
indecomposable torsionless nonprojective modules are Pz/r2P2 , rP,/@P, 
and S, . It is then easy to see that mod(T/P) is equivalent to mod P, 
where P = (g L) x D, for some division ring D. Hence gl.dim. 
mod(T/P) = 1, h ence by Theorem 1 .l, gl.dim.mod(D) = 4. 
Before we go on to our next result, which will give a large class of 
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examples, we need to introduce the category Morph(D), where as usual 
D = mod(C), f or a dualizing R-variety C. The objects of Morph(D) are 
maps f: A + B with A and B in D and are denoted by (A, B, f). The 
maps between two objects (A, B,f) and (A’, B’,f’) are pairs (a, /3), 
where ol: A -+ A’, /3: B --t B’, such that 
A 01 A’ 
commutes. To be able to apply our methods 
first need the following. 
to Morph(D), we shall 
PROPOSITION 4.2. Let C be a dualizing R-variety and D = mod C. 
Then Morph(D) is also a dualizing R-variety. 
Proof. Write Morph(D) = mod(C’), where C’ is the category of 
projective objects in Morph(D). N ow C is the category of projective 
objects in D. We know from [lo] that the objects of C’ are given as 
triples (0, C, 0) and (C, C, id), where C is in C, and the maps are pairs 
analogous to the above. It is then obvious that C’ is an additive category 
where idempotents split. 
To show that Morph(D) = mod(C’) is a dualizing R-variety, by [5] 
Proposition 2.2 it is sufficient to show that for any object B’ in C’ there 
is an X’ in C’ such that 
Homc(A’, B’) = Homvd , A’) I W-(X') ( , B’) I V(X~ for all A’ in C’. 
Since D = mod(C) is a dualizing R-variety, we know that the above 
formula holds, when the objects are taken from C instead of from C’. 
It is easy to see that we can assume that B’ is indecomposable. Let 
first B’ = (B, B, id) with B in C. Then choose X’ = (0, X, 0). For we 
have 
Homc((A, A, id), (B, B, id)) = Homc,((O, A, 0), (B, B, id)) = Homc(A, B). 
Homw)(( , (4 4 id)) Ivcx,), ( , P, B, id)) Iv(x~ 
= Homwr)(( , @,A, ON Iv(x,) , ( , P, B, id)) IV(XY) 
= HomVd ,A) IV(X), (, B) IV(X))- 
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If B’ is indecomposable of type B’ = (0, B, 0), we choose X’ = 
(X, X, id) @ (0, X, 0). Then we have 
Homd(O, A, 01, (0, B, 0)) = Hom&% B) 
Howd( , (0, A, 0) IVW) , ( , (By By id)) Iv(x~ 
= Homd( ,A) IV(X) , ( y B) Id- 
Further, Homc((A, A, id), (0, B, 0)) = 0. It is then easy to see that 
HomVcx,)(( , (A, A, 0)) [v(x)) , ( , ((44 0)) IVW) = 0 
using that the following diagram commutes: 
((0, X 01, (4 A, 0)) -+ ((0, X, 01, (0, B, 0)) 
!/ 2 T 
((X, X, O), (A, A, 0)) + ((X, X, O), (0, B, 0)) = 0. 
THEOREM 4.3. Let C be a dualizing R-variety, D = mod C. Assume 
that D is Nakayama with LL(D) = 2 and that D’ is MorphD, the 
category of maps in D. Then gl.dim.mod D’ = 5 if D is not hereditary and 
is 3 ;f D is hereditary. 
Proof. If D is Nakayama withLL(D) < 2, we know by Proposition 3.2 
that mod(D) is Nakayama. Now there is a close connection between the 
indecomposable objects of D’ and of mod(D). There is a natural map 
from the indecomposable objects of D’ to the indecomposable objects of 
mod(D), given as follows: For an indecomposable object X = (A, B, f) 
in D’, we define F(A, B, f) in mod D to be ( , B)/Im( , f). Then F gives 
a one-one correspondence between the indecomposable objects X of D’ 
which are not of the form (C, C, id) or (C, 0, 0), for an indecomposable 
object C in D. This is proved in [2] for artin algebras, and can easily be 
generalized to the more general case of dualizing R-varieties. 
To be able to apply Theorem 1.1, we are interested in studying the 
category T/P of torsionless objects in D’ modulo projectives. We recall 
from [lo] that the indecomposable projective objects in D’ are (P, P, id) 
and (0, P, 0), for P an indecomposable projective object in D. Then it is 
easy to see that the torsionless objects are of the form (A, B, f ), where A 
and B are torsionless objects in D, and f is a monomorphism. If (A, B, f) 
is indecomposable, we know by the above that ( , B)/Im( ,f) is inde- 
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composable in mod(D). Since mod(D) is Nakayama we know from 
Section 10 in [5] that ( , B), hence B, is indecomposable. 
SinceLL = 2, the indecomposable torsionless objects in D are the 
indecomposable projective objects and the torsionless simple objects [5]. 
Keeping in mind what the projective objects in D’ look like, it is then 
easy to see that the indecomposable torsionless nonprojective objects in 
D’ are of the form (0, S, 0), (S, S, id), (T, P, i), where S is torsionless 
simple and not projective, P indecomposable projective of length 2, and 
T = rP and i an inclusion map. If S is torsionless nonprojective, there is 
a projective P of length 2 such that S = rP, and a unique one, since we 
know that P is also injective. Hence we can divide the indecomposable 
torsionless objects into groups. For each torsionless simple nonprojective 
object S in D, we have the 3 objects (0, S, 0), (S, S, id) and (S, P, i), 
where P = E(S), the injective envelope of S. And for each simple 
projective noninjective object T we have one object (T, $I, i), where 
Q = E(T). 
If D is not hereditary there is at least one S of the first type. Consider 
the 3 indecomposable objects built from S. We claim that there are no 
maps from or to any object in this group from or to any objects outside 
the group which do not factor through a projective. This is clear for the 
objects involve only simple objects of D, i.e., the objects of type 
(0, S, 0) and (S, S, id). Further, any map in question (S, P, i) + (A, B,f) 
must be of the form (0, g), where g: P --+ B. Hence it will factor through 
the projective object (0, P, 0). S imilarly any map (A, B, f) -+ (S, P, i) 
must be of type (0, g), and so factor through (0, P, 0). 
If T is simple projective and not injective, then similarly there is no 
map from (T, P) to anything else, or from anything else to (T, P). 
Hence to compute gl.dim.mod(T/P), we consider the endomorphism 
ring modulo projectives of (0, 0, S) @ (S, S, id) @ (S, P, z), for a simple 
torsionless nonprojective object S in D. This is easily seen to be a factor 
ring of 
which we denote by 
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as usual, where D is the endomorphism ring of S. And the endomorphism 
ring of (T , P, i) modulo projectives is D’, is the endomorphism ring 
of T. Since gl.dim. r = 2, we conclude by Theorem 1.1 that gl.dim. 
mod(D’) = 5 if and only if D is not hereditary. If D is hereditary, we get 
gl.dim.mod(D’) < 3 by Theorem 1.1. Since U(D) = 2, we always have 
a projective simple noninjective object T in D. Since (T, P, z) is then 
torsionless, but neither simple nor projective, we conclude by [7] that 
gl.dim.mod(D’) is exactly 3. This finishes the proof of our theorem. 
COROLLARY 4.3. Let k be aJ(ield, 
in a notation similar to the above, n 3 2. If n > 3, then 
gl.dim.mod( T&l,)) = 5 and gl.dim.(T&l,)) = 3. 
Proof. For n > 2 A, is Nakayama with LL(A,) = 2. And LI, is 
hereditary if and only if n = 2. Hence the claim follows from Theorem 
4.2. We obtain Example 1.8 as the special case n = 2. 
We point out that we get examples where gl.dim.mod(mod LI) = 5 
and gl.dim. (1 = i for any i > 2. For it is well known that gl.dim. 
T,(A,) = gl.dim. (1, + 1 = n. 
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